Part 1 Laplace Transforms
Revision of Laplace Transforms

1. The Laplace transforms
1.1 The definition of the laplace Transforms

The laplace transform of a dunction f(t) is defined to the f(s) according to the
equation:

F(s)=L[f(t)]= T f (t)e'dt

Example: Find the Laplace Transform f(t)=1

. e—st = 1
Solution: F(s) = L[] = lim [ledt=]jm—— ==
r—o0Q r—oo S S
s=0
Example: Find the Laplace Transform f (t) =e*
w S=00 l
Solution: F(s)=L[e*]= je’(s’a)tdt _ ety 4
0 S—al S—4a

Example: Find the Laplace Transform of sin(wt) & g(t) =cos(wt)
Solution: Again, from Example 3 and Theorem above

. eM_eg ™| 1 1 1 W
L[sin(wt)]=L ———M |=— _ _
[sin(wt)] { 2i } Zi[s—iw s+iw} s? +w?

S

s? +w?

Similarly, L[cos(wt)]=

Example: Find the Laplace Transform of
f (t) =cosh(wt) & g(t) =sinh(wt)
Solution: From Example 2 and Theorem above,
e +e™ | 11 11 S
- | =Z= + — =
2 2s—-W 2s+w g2 _p?

L[cosh(wt)]= L{

W
s —w

Similarly, L[sinh(wt)]=

2
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1.2 Shifting Theroem

L[ f (t)e *]=F(s+a) |

Example: Find the Laplace Transform of f (t) =e® cos(bt)

: : s—a
Solution: Since L[cosbt]= ,then L[e* cosbt]=

[ = [ ] (s—a)® +b?
Example: Find the Laplace Transform of f(t) =te™
Solution: L[te™®]= ! 5

(s+2)
Example: Find the Laplace Transform of f (t) =sin(3t) e
Solution: L[:=,in(3t).e5‘]:42
(s—5°+9

Example: Find the Laplace Transform of f (t) =cos(2t).e'

S t _&
Solution: L[cos@t)e']= (5-D2+4

1.3 Laplace Transform of the Derivative

[df“)]— S (s) -  (0)

Ji f(t)]— 2 (s)— £(0)— F'(0)
L[d:”d‘;gt)] _ 3 (s)=s2f(0)—sf'(0)— ' (0)
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Example: Find the Laplace Transform of the function x(t)which satisfy the
following differential equation and initial condition:-

3 2
RSP P (©-FO_E0
dt dt dt dt dt

Solution: By taken the laplace transform for both sides of the equation

=0

[$3x(s) — s2x(0) — sx(0) — X"(0)]+ 4[s*X(s) — 5X(0) — X'(0)] + 5[sx(S) — X(0)] + 2X(5) :g
$3X(s) + 452X(S) + 55X(S) + 2X(S) = %

x(s)[s® +4s? +5s+2]==

2
s(s® +4s® +5s + 2)

X(s) =

1.4 Laplace Transform of the integrs

F(s)
. s

jfmm_

Example: Find x(s) for the following equation
L—_LU(om—q x(0) =3.

Solution:
sug—mm:%?—é-
sx(s)—-3= @ e

SZ

s3x(s) —sx(s) =3s? -1
s*(1- s)x(s) =3s?-1

x(s)=—> 1

s(s D s°—=1=(s—-1)(s+1)
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Example: Find the Laplace transform of

0 t<0
1
f(t): E 0St<h _ N
0 tx>h A
0 h Time

As in above figure, it is clear that f(t) may be represented by the difference of two
functions.

(0= [ut) -u(t-h)]

Where u(t - h) is the unit-step function translated h units to the right. We may now
use the linearity of the transform and the previous theorem to write immediately
11-¢™
f(s)==
(s) —
This result is of considerable value in establishing the transform of the unit-impulse
function.

Solved problems
1.Use Definition to determine the Laplace transform of the given function

@) Ly -5

N

1
. (s-3)?

(b) Lite*}= J‘ oSttt = J‘ te®9'dt = lim (—— — )eto
0 0 _

e 1 1
OL{ft)}=—+=-=
() L{f®} TS
1_ e—S(s—Z) e—SS
+

s-2 S

(d) L{f @} = ], eedt+ [ edt=

2. Use Table of Laplace Transform to determine

5 1 12
a)L{5-e" +6t}="-—-+—
@y } s s—2 §°
. 2 3 6
b) L{t?-3t—2e'sin3t}=—-— —— —
0) 1t } s s? (s+1)°+9
S+2 2

(€) L{e *cos/3t—t%e 2}=

(s+2)2+3 (s+2)°
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A Short List of Important Laplace Tranforms

f(t),t>0 | F(s) Domain F(s)

1 /1 1 s>0
s

2 |t 1 s>0
S2

3 |t n! s>0

N > O integer A

4 |e* 1 s>a
s—a

5 | coshbt S S > ‘b‘
s? —b?

6 | sinhbt b s>|b|
s? +b?

7 | cosbt S
52 4+ p? s>0

8 | sinbt b s>0
s? +b?

9 | e*cosht s—a 5>a
(s—a)? +b?

10| 2 sjn bt b 5>a
(s—a)? +b?
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